The Porter-Thomas distribution is a key prediction of the Gaussian orthogonal ensemble in random matrix theory. It is routinely used to provide a measure for the number of levels that are missing in a given resonance analysis. The Porter-Thomas distribution is also of crucial importance for estimates of thermonuclear reaction rates where the contributions of certain unobserved resonances to the total reaction rate need to be taken into account. In order to estimate such contributions by randomly sampling over the Porter-Thomas distribution, the mean value of the reduced width must be known. We present mean reduced width values for protons and α-particles of compound nuclei in the A = 28 − 67 mass range. The values are extracted from charged-particle elastic scattering and reaction data that were measured at the Triangle Universities Nuclear Laboratory over several decades. Our new values differ significantly from those previously reported that were based on a preliminary analysis of a smaller data set. As an example for the application of our results, we present new thermonuclear rates for the 40 Ca(α,γ) 44 Ti reaction, which is important for 44 Ti production in core-collapse supernovae, and compare with previously reported results.
I. INTRODUCTION
The statistical theory of nuclear reactions assumes that the reduced width amplitude for formation or decay of an excited compound nucleus is a random variable, with many small contributions from different parts of configuration space. If the contributing nuclear matrix elements are random in magnitude and sign, then the reduced width amplitude is represented by a Gaussian probability density centered at zero, according to the central limit theorem of statistics. Consequently, the corresponding reduced width, i.e., the square of the amplitude, is described by a chi-squared probability density with one degree of freedom. The latter distribution was proposed by Porter and Thomas [1] in the 1950s and has been shown to be a key prediction of the Gaussian orthogonal ensemble in random matrix theory. The basic assumption is that energy levels in atomic nuclei at several MeV excitation energies represent chaotic systems [2] . This aspect of quantum chaos linking nuclear physics with other fields has attracted significant interest in the literature. For reviews, see Refs. [3, 4] . The validity of the Porter-Thomas distribution for neutron and charged-particle reduced widths has been well established over many decades of experimental and theoretical research, and claims to the contrary have always been debated extensively. For recent discussions, see, for example, Refs. [5] [6] [7] [8] . In fact, the Porter-Thomas distribution is so successful that it is routinely used to provide a measure for the number of levels that are missing in a given resonance analysis.
The Porter-Thomas distribution is also of crucial importance for nuclear applications [9] .
It has been shown recently to impact estimates of thermonuclear reaction rates [10] in situations where the contributions of unobserved resonances to the total reaction rate need to be taken into account. In particular, for estimating such reaction rate contributions by randomly sampling over the Porter-Thomas distribution, the mean value of the reduced width must be known. Unfortunately, the mean reduced width values are usually not reported in the literature. A first attempt of extracting this information from existing proton elastic scattering and (p,α) reaction data for application to nuclear astrophysics was reported in Ref. [10] . However, the data set analyzed in that work was relatively small, and therefore, those results should be considered only as preliminary. In the present work, we reanalyze a more extensive data set for A=28−67 target nuclei. Note that the mean reduced width is closely related to the strength function, which is a key ingredient for estimating the average cross section of a nuclear reaction.
The formalism and our method of analysis are described in Sec. II. Data selection and results are discussed in Secs. III and IV, respectively. As an example for the application of our results, we provide new thermonuclear rates for the 40 Ca(α,γ) 44 Ti reaction in Sec. V.
A summary of our results is given in Sec. VI.
II. FORMALISM
A. Porter-Thomas Distribution
The particle partial width for a given level λ and channel c is defined by [11] Γ λc = 2γ The distribution of reduced particle widths for a single channel in a given nucleus of mass A and charge Z, given spin, parity, orbital angular momentum and channel spin, for levels above an excitation energy of several MeV is represented by the Porter-Thomas distribution [1] ,
where y ≡ θ 2 / θ 2 , and θ 2 denotes the mean value of the dimensionless reduced width.
The above equation is equivalent to a chi-squared distribution with one degree of freedom.
It implies that the reduced widths for a single reaction channel, i.e., for a given nucleus and set of quantum numbers, vary by several orders of magnitude, with a higher probability for smaller values of the reduced width. Until recently [10] , this fundamental prediction of random matrix theory had been disregarded in nuclear astrophysics. It was shown in Refs. [12, 13] of sequences; the total number of sequences sampled amounts to 10 6 ; the red curve shows the probability density given by a chi-squared distribution with N = 50 degrees of freedom; see text.
(Bottom) cutoff value θ 2 min versus extracted mean reduced width for a given data sequence; notice how the uncertainties increase with a higher cutoff value and a smaller number of levels available in the analysis. Simulations similar to those shown in Fig. 1 have been performed for sequence sizes of 10, 100, and 300. In each case we find results consistent with those described above.
D. Probability density function of mean reduced width
For the estimation of thermonuclear reaction rates using a Monte Carlo-based procedure [10] , reduced widths for unobserved resonances can be randomly sampled according to a Porter-Thomas distribution if the mean reduced width is known, as discussed in Sec. I.
Here we not only present mean reduced widths for given compound nuclei, but also extract associated uncertainties. In addition to the random sampling of a reduced width value, this allows for the random sampling of the mean reduced width. However, this requires the identification of a suitable probability density function that corresponds to the results presented here. This probability density is discussed below.
Suppose a sample data set containing N values is generated by randomly sampling a Porter-Thomas distribution (Eq. 3). It can be shown that in this case the maximum likelihood estimator of the mean reduced width is given byˆ
. In other words, the quantity θ 2 N is also a random variable and depends on the sum of N independent squares of θ i , where the latter quantity is distributed according to a Gaussian with a variance of θ 2 (Secs. I and II A). Consequently, the probability density of θ 2 N is given by a chi-squared distribution with N degrees of freedom
where x = θ 2 , p = θ 2 /N , and Γ denotes the Gamma function. The mean value and variance of the above distribution are given by
As an example, consider again Fig can be used to compute the parameters p and N , which determine the probability density function of θ 2 according to Eq. 10.
III. DATA BASE
The difficulties in estimating the quantity θ 2 by applying Eq. (5) to measured data are readily apparent. First, for a fixed θ 2 value, the above expression applies only to a sequence of levels appropriate for a single channel, i.e., for a given nucleus (A, Z); given values for spin-parity (J π ), orbital angular momentum ( ), and channel spin (s); and a given range of excitation energy (∆E x ). Therefore, a rather large body of data is required such that the sets of fixed A, Z, J π , , s, and E x values contain a statistically significant number of levels.
Second, the nuclear level sequence for a fixed data set should ideally be complete, i.e., all levels should have been observed. In reality, each measurement is subject to a detection limit prohibiting the observation of very weak resonances. Therefore, corrections for the fraction of missing levels must be applied to the data (Sec. II B). Third, the data need to be of high quality so that the resonance properties (partial width, spin, parity and orbital angular momentum) can be extracted reliably. Obviously, a few states with wrongly assigned spin and parity in a sequence of a small number of nuclear levels may have a large impact on the derived mean reduced width value. Fourth, the Porter-Thomas distribution only applies to compound levels that are "statistical" in nature, in the sense that a given reduced width has many small contributions from different parts of configuration space (Sec. II A). Therefore, one may not assume that reduced widths that result from a few large contributions follow a
Porter-Thomas distribution. Examples include isobaric analog states in the case of proton reduced widths, and α-particle cluster states for α-particle reduced widths. The presence of such levels may enhance the reduced widths of neighboring states that share the same J π value and thereby distort the reduced width distribution. Such "non-statistical" levels need to be removed carefully from a level sequence before Eq. (5) and therefore, has a significant overlap with target nuclei of astrophysical interest; and (iv) the elastic scattering data were analyzed using the same R-matrix code (MULTI [19] , and subsequent versions) and similar analysis procedures were applied. For more information, the reader is referred to Refs. [20, 21] .
Only part of the data analyzed here were used by Longland and collaborators [10] to extract mean reduced width values. However, as pointed out in Ref. [10] , the data set was small and, as a result, the data for different compound nuclei, spins, parities and orbital angular momenta had to be combined into a single set in order to analyze a statistically significant number of nuclear levels. For the reasons mentioned above, those results should be regarded only as preliminary.
In the present work, a much larger data set is analyzed. Our strategy can be summarized as follows. First, we compiled all of the proton and α-particle partial widths, Γ i . Second, the partial widths were converted to dimensionless reduced widths, θ 2 i , by using Eq. (1). For the radius parameter we employ the common value of R 0 = 1.25 fm. Third, dimensionless reduced widths were grouped into level sequences according to fixed A, Z, J π , , s, and E x values. Fourth, all sequences were inspected for "non-statistical" states. If positively identified (see below), such states were removed from the data set. At this stage all α-particle (proton) level sequences that contained less than 10 (15) states were deemed of poor statistics and were disregarded. Finally, all remaining level sequences were analyzed by using the formalism described in Sec. II C.
Non-statistical levels with large reduced widths frequently manifest themselves in a level sequence as anomalous large steps in the cumulative reduced width distribution. Further evidence is required to support this conclusion. For example, isobaric analog states in a daughter nucleus should correspond to levels of same spin and parity in the parent nucleus, with an expected difference in excitation energy (mainly caused by the Coulomb interaction)
and related single-nucleon spectroscopic factors [20] . However, it is not always straightforward to identify the presence of analog states in a given level sequence, especially at higher excitation energies where the level density becomes larger and less experimental information is available for parent states. We made the following assumptions in the data treatment: (i) if a given level sequence exhibits no anomalous steps in the cumulative reduced width distribution, then either no "non-statistical" levels are present, or such levels are too weak to impact the value of θ 2 significantly; consequently, no attempt was made to remove any states from that level sequence; (ii) if the cumulative reduced width distribution exhibits distinct steps, and the steps correspond to known "non-statistical" levels (i.e., analog states in the proton data, or α-cluster states in the α-particle data), then these levels were removed from the level sequence; (iii) if the cumulative reduced width distribution exhibits distinct steps, but not enough information was available for a positive identification as "non-statistical" levels, we removed the entire level sequence from further analysis.
Information on the data analyzed in the present work, including references to the original works that measured the elastic scattering and nuclear reaction data, is provided in Tabs 
IV. RESULTS
A. Mean α-particle reduced widths
In total, mean α-particle reduced widths could be extracted for 11 level sequences. The data analyzed correspond to compound nuclei in the A = 28 − 40 range. For each sequence the minimum observed width, θ we combine all 11 level sequences into one set, a value of θ 2 α = 0.018±0.002 is found. These boundaries are shown as horizontal lines in Fig. 3 . Note that this value is about a factor of 2 higher than the result reported previously ( θ 2 α =0.010 from the preliminary study of Ref. [10] ), which was based on a subset of the full (p,α) data set analyzed here. 
B. Mean proton reduced widths
Significantly more data are available for proton reduced widths compared to α-particle reduced widths. In total, mean proton reduced widths could be extracted for 33 level sequences. The data analyzed correspond to compound nuclei in the A = 34 − 67 range.
Again, for each sequence the minimum observed width, θ As is apparent from Tabs. II and III, the number of levels contained in each analyzed sequence is on average much higher compared to the α-particle data, resulting in smaller uncertainties of the derived θ The results displayed in Fig. 4 are important because they facilitate an improved random sampling of thermonuclear reaction rates: instead of using one global mean reduced proton width value for all mass numbers and spin-parities ( θ 2 p =0.0045 reported in the preliminary study of Ref. [10] ), the results of the present work allow for the first time to employ local values (see Fig. 4 ; Tabs. II and III) in the random sampling. The numbers below or above a group of data points in Fig. 4 indicate the mean excitation energy of all analyzed level sequences for that particular mass number. The mean excitation energies, depending on the level sequence, vary between 6.8 MeV and 11.4 MeV. In order to investigate how much of the scatter in the displayed θ Fig. 4 is not caused by differences in excitation energy, but by the nuclear structure of the compound nucleus under consideration. In order to demonstrate the implications of our results, we calculate new thermonuclear rates for the 40 Ca(α,γ) 44 Ti reaction (Q αγ = 5127 keV) that is responsible for the production of 44 Ti during the α-rich freeze out in core-collapse supernovae. The radioactive decay of and isotopic anomalies measured in presolar grains (Refs. [39] [40] [41] , and references therein).
The important stellar temperature range for this reaction amounts to T ≈ 1 − 5 GK.
The total rate is determined by observed and unobserved resonances. For the observed resonances, we adopt resonance energies and strengths from Refs. [42] [43] [44] [45] . In total, 32 observed resonances at energies of E c.m. r = 2507 − 5259 keV are taken into account. In addition, 11 natural parity states between the α-particle threshold and the lowest-lying observed resonance can contribute to the total rate [46] . The compound nucleus 44 Ti exhibits a strong α-cluster structure, which was investigated in several works using α-particle transfer experiments. Sizable experimental spectroscopic factors are reported in Refs. [47, 48] (and references therein) for the unobserved resonances corresponding to levels near the α-particle threshold. We chose this example because, interestingly, there is a resonance at E c.m. r = 2373
keV (E x = 7500 keV, J π = 1 − [46] ), that has not been observed in any of the α-particle transfer studies. Since this level does not exhibit an α-cluster structure and no experimental information is known about the α-particle spectroscopic factor, it can be assumed that the probability density function of its reduced width is given by a Porter-Thomas distribution (Sec. II). Details on the nuclear data input and our new rate calculation will be presented in a forthcoming publication. Below we will focus on the main results.
The new experimental 40 Ca(α,γ) 44 Ti rates are calculated using the Monte Carlo procedure outlined in Longland et al. [10] . All uncertainties of resonance energies and strengths are taken into account in the random sampling. Furthermore, for the mean reduced α-particle The colored shading indicates the coverage probability in percent (see legend on righthand side). For example, the area enclosed by the thick black lines (i.e., the high and low
Monte Carlo rates) corresponds to a coverage probability of 68%, while the area enclosed by the the thin black lines contains a coverage probability of 95%. The green line is ob-tained when assuming a maximum possible contribution of the unobserved E c.m. r = 2373
keV resonance (i.e., for an α-spectroscopic factor of unity) and represents the upper limit of the classical reaction rate 1 . As can be seen, the probability density distribution of the 40 Ca(α,γ) 44 Ti reaction rate in the temperature range of T = 1−3 GK is concentrated around much smaller values compared to the classical upper limit, and therefore, the latter rates represent an unlikely estimate. In fact, the Monte Carlo rates (thick black lines; for a 68% coverage probability) that are obtained by randomly sampling using a Porter-Thomas distribution for this single unobserved resonance are smaller by up to a factor of ≈3 compared to the classical upper limit (green line).
As a comparison, the blue lines show the (classical) "upper limit", "complete rate", and "lower limit" from the recent study of Robertson et al. [45] . The large deviation near T = 1 GK, by almost one order of magnitude, is caused by the fact that none of the unobserved resonances were taken into account by Ref. [45] . Part of the deviation at the higher temperature end near T = 5 GK is explained by the fact that Ref. [45] took only a subset of the available directly measured data into account (in particular, excluding
Ref. [44] ). Our new rates, based partially on the results of the present work, may have a significant impact on the final 44 Ti yields in core-collapse supernovae.
VI. SUMMARY AND CONCLUSIONS
The Porter-Thomas distribution is of crucial importance for estimates of thermonuclear reaction rates in situations where the contributions of unobserved resonances to the total reaction rate need to be taken into account [10] . For estimating such contributions by randomly sampling over the Porter-Thomas distribution, the mean value of the reduced width must be known. We have presented here mean reduced width values for protons and α-particles of compound nuclei in the A = 28 − 67 mass range. The values are extracted from charged-particle elastic scattering and reaction data that were measured at TUNL over several decades. Our new values differ significantly from those reported previously [10] that were based on a preliminary analysis of a much smaller data set.
1 The expression classical reaction rate refers to the result of the procedure that was commonly applied before the advent of Monte Carlo based reaction rates [10] . In order to avoid confusion, the classical upper limit rate (green line) is computed without taking into account any uncertainties of resonance energies and strengths. Carlo based rates; the shading indicates the coverage probability in percent (legend on right-hand side); for example, the thick (thin) black lines indicate the high and low Monte Carlo rates for a coverage probability of 68% (95%). Blue: previously reported "upper limit", "complete rate"
and "lower limit" from Ref. [45] ; the latter work did not take into account any of the unobserved resonances and only presents rates between 1.0 GK and 5.5 GK. Green: classical "upper limit" rate obtained if maximum contribution of E c.m. α = 2373 keV (E x = 7500 keV) is adopted (i.e., assuming a spectroscopic factor of unity).
For α-particles, we analyzed 11 level sequences in the A = 28 − 40 range and find that the extracted mean reduced width values depend only weakly on mass number. If we combine all level sequences, regardless of mass number, A, and spin-parity, J π , into one set, a value of θ 2 α = 0.018 ± 0.002 is found. This value is about a factor of 2 higher than the result reported previously [10] , which was based on a subset of the full (p,α) data set analyzed here.
Mean proton reduced widths are extracted for 33 level sequences in the A = 34−67 range.
We find significant scatter in the mean values for different mass numbers and J π values. For a given spin J, the θ 2 p values scatter over up to an order of magnitude, depending on mass number. For A ≤ 40 the mean reduced proton widths are higher, on average, compared to the A > 40 range. These results are important because they facilitate an improved random sampling of thermonuclear reaction rates: instead of using one global mean reduced proton width value for all mass numbers and spin-parities, our results allow for the first time to employ local values in the random sampling. Furthermore, the level sequences with the largest number of states (≈200) are used to study the dependence of the mean proton reduced width on the excitation energy range. We find only small variations over a range of ≈ 1.6 MeV. Thus, the observed scatter of θ 2 p values is unlikely to be caused by differences in excitation energy, but it presumably reflects inherent differences in the nuclear structure of the compound nuclei under consideration.
As an example for the application of the present results, we consider the thermonuclear rates of the 40 Ca(α,γ) 44 Ti reaction. When applying the mean reduced α-particle width and associated uncertainty derived here to a particular unobserved low-energy resonance, the estimation of the reaction rates is significantly improved over previous results. Our new reaction rates may have an important impact on the final 44 Ti abundance in core-collapse supernovae.
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